Abstract: The energy of a prismatic dislocation loop in an isotropic elastic cylinder is derived, resulting in semi-analytic expressions. Analytic expressions are obtained in two limits: when the radius of the dislocation loop approaches the cylinder radius and when the radius of the dislocation loop is much smaller than the cylinder radius. These expressions can be used to predict the critical condition for misfit dislocation formation in semiconducting nanowires.
INTRODUCTION
Dislocations have been extensively studied because they are the fundamental carriers of plasticity in crystalline solids [1, 2] . Much of this progress has been made under the simplifying assumptions of linear elasticity, where the dislocation line is represented as a line singularity. This allows us to write the energy of a dislocation in an infinite medium as a line integral in terms of the infinite medium elastic Green function, which is available explicitly for isotropy.
Under the assumptions of isotropy, the stress field, energy and forces for special configurations can be derived. One such example is a circular prismatic loop, whose stress field and energy were derived by Kroupa [3] . Furthermore, some simple solutions are available for dislocations near free surfaces in both isotropic [4] and anisotropic [14] materials. Solutions for infinitely straight dislocations near flat free surfaces have obtained and used to predict the formation of misfit dislocations at the interface of hetero-epitaxial films [5, 6] .
Much interest has been directed to the mechanical properties of cylindrical objects at the sub-micron scale, such as the single crystal metal pillars and nanowires [7, 8, 9] . In particular, Si and Ge nanowires with core-shell structures have recently been manufactured [10] and it is of interest to find out the critical condition for the generation of misfit dislocations at the cylindrical interface [11] . This analysis requires the energy of a prismatic dislocation loop inside an elastic cylinder, which does not exist to date.
In this paper, we derive a semi-analytic formula for the energy of a circular concentric prismatic dislocation loop in an elastically isotropic cylinder. The final expression involves one integral which can be computed very quickly by numerical quadrature. In addition, an- alytic expressions are obtained in two limits: when the radius of the dislocation loop approaches the cylinder radius and when the radius of the dislocation loop is much smaller than the cylinder radius.
Because the energy of a prismatic dislocation loop is available analytically, Section 1 derives the energy change of the dislocation loop due to the presence of a cylindrical free surface, which we will call the image energy, using the Fourier transform method. The image energy gives rise to an image force, which is equivalent to the Peach Koehler force from the image stress [15] . Section 2 gives the analytic expressions of the elastic energy in the two asymptotic limits. Section 3 gives a brief summary and outlook of future research along this line. For readability, most of the detailed derivations are given in the appendices.
IMAGE ENERGY OF A DISLOCATION LOOP

Geometry and Scaling Relations
The self energy of a circular edge dislocation loop of radius r in an infinite isotropic elastic medium with shear modulus 1 and Poisson's ratio 2 has been obtained by Kroupa [3] :
where b is the magnitude of the Burgers vector whose orientation is orthogonal to the dislocation loop and r c is a short-range cut-off parameter (dislocation core radius) introduced to avoid the singularity in continuum elasticity theory. Because the dislocation line length is 23r , the terms behind 23r can be considered as the energy per unit length. We now consider the same dislocation loop inside an infinitely long elastic cylinder of radius R where both the cylinder axis and the dislocation Burgers vector coincide with the z-axis, as shown in Figure 1 . Let E tot be the elastic energy of this dislocation loop, and define E img as the difference between E tot and E 2 , i.e.
In other words, E img describes the energy change of the dislocation loop due to the introduction of the free surface of the cylinder. We call E img the image energy, and it can be shown that E img 6 0. When the elastic constants 1, 2 and Burgers vector b are given, E 2 is only a function of r and r c , i.e. E 2 4r7 r c 5. We will see shortly that E img is only a function of r and R, i.e.
Since continuum elasticity theory does not have an intrinsic length scale, E tot 4r7 R7 r c 5 must satisfy certain scaling relationships. Specifically, it can be shown that
In other words, E tot 4r7 R7 r c 5, E 2 4r7 r c 5 and E img 4r7 R5 are homogeneous functions of order 1.
Because an analytic expression is available for E 2 , our task amounts to the determination of the image energy E img . Due to the scaling relation given by Equation (6), the image energy can be reduced to a one-dimensional function,
This means that we can fix the dislocation loop radius at r 3 1 without loss of generality, and derive the expression of E img as a function of R for 1 6 R 6 2. This result can then be used to construct E img 4r7 R5 for arbitrary r and R.
Image Energy as a Surface Integral
We now fix r 3 1 and examine E img as a function of R for 1 6 R 6 2. In [12] , we have derived an expression for the image energy in terms of an integral over the cylindrical surface,
This is the starting point of our derivation here. In the following, we briefly explain the various terms and the physical meaning of this equation. Consider the following steps to construct the stress field of a circular prismatic dislocation loop inside an elastic cylinder. In the first step, we consider the stress field of the dislocation loop inside an infinite medium, i j n i need to be applied to the cylinder surface, where n i is the local (outward) normal vector of the surface. In the second step, the surface tractions are removed so that the cylinder satisfies the zero-traction boundary condition. This can be done by superimposing another solution, which corresponds to a dislocation-free cylinder subjected to surface traction T j 3 4F j 3 4 2 i j n i . The stress field produced by T j is called the image stress img i j . The total stress field of interest is then
T j (index form) is the same as T R (vector form) in Equation (8) . The superscript R is added to signify that the quantity is defined at the cylinder surface of radius R.
In order to construct the image energy, we consider both an infinite cylinder and a body with an infinite cylindrical hole. The union of these two domains creates an infinite body. When a dislocation-free cylinder is subjected to the surface tractions T R , the corresponding displacements on the surface are u c . Also, when the inner surface of the hole is subjected to the surface tractions 4T R , the corresponding displacements on the surface are u h . (8) is simply the difference between u c and u h :
in cylindrical coordinates. The physical meaning of Equation (8) can be interpreted by the following thought experiment in which an infinite medium containing a dislocation loop is transformed into a cylinder containing the same dislocation loop. In the first step, a cylinder (containing the dislocation loop) is cut out from the infinite medium. External traction forces are applied to the outer surface of the cylinder and the inner surface of the cylindrical hole. In the second step, these forces are slowly reduced to zero. The right-hand side of Equation (8) is precisely the work done by the (external) surface traction forces in the second step.
Given the symmetry of our problem, both T R and 45 5 u R 5 5 6 are independent of when they are expressed in cylindrical coordinates. (Their components are also zero.) Therefore, E img is reduced to a one-dimensional integral along z,
Defining then by Parseval's Theorem, the image energy can be also be written as
where 9 represents the complex conjugate.
Stress Field of a Circular Prismatic Dislocation Loop
In order to obtain the image energy, we now need 8 [12] .
The stress field of a prismatic dislocation loop has been obtained by Kroupa [3] , but the result is written in the form of a Laplace transform. Instead of converting Kroupa's solution to the Fourier space, for this application it is easier to solve this problem again using the Fourier method. The relevant traction components on the cylinder surface are (for k z 0)
where 
Here we have used the fact that the integrand is an even function of k z . The derivation details are given in Appendix B.
THE FUNCTIONAL BEHAVIOR OF E
By definition, E img should go to zero when Rr 2. By taking the limit as R 2 in Equation (18), we find that 
where the analytic expression for F425 and the associated details are given in Appendix C. The numerical values of F425 are plotted in Figure 3 . We observe that F425 1 for 082 2 083. We also expect E img 42 in the limit of R r . Taking the limit as R 1 in Equation (18), we find that
where the analytic expression for G425 and the associated details are given in Appendix D. The numerical values of G425 are plotted in Figure 3 . We observe that G425 0 for 082 2 083. From Equation (18), we can see that E img depends linearly on 1 and b 2 . However, the dependence of the image energy on Rr and 2 is non-trivial. For a given Poisson's ratio 2, E img 4r 3 17 R5 can be easily computed as a function of R by numerical integration of Equation (18). 
3.2.
E img 4r7 R 3 15 for 0 6 r 6 1 Given the scaling relation, Equation (6), we can easily obtain the dependence of E img on r at R 3 1, given E img 4r 3 17 R5, i.e.
This means that in the limit of r 0,
r 08 (23) Figure 5 . The image energy E img , self-energy E self and total energy E tot of the dislocation loop as a function of loop radius r in a cylinder with radius R 3 1.
In the limit of r 1,
Consequently, as r 1, the image force (per unit length) on the dislocation loop becomes
which is the same as the Peach-Koehler force exerted between two straight dislocations with opposite Burgers vectors that are separated by 241 4 r 5. This distance is precisely twice the distance between the dislocation loop (radius r ) and the cylindrical surface (radius R 3 1). This form of image force was correctly proposed by [11] , for which our derivation can be regarded as a formal proof. The image energy as a function of r is plotted in Figure 5 for the case of 2 3 082. The self-energy and the total energy of the dislocation loop are also plotted in the same figure. While E self monotonically increases with r and E img monotonically decreases with r, the total energy E tot exhibits a maximum at r 088. The location of the maximum depends on the values of core radius r c and Poisson's ratio 2.
SUMMARY AND OUTLOOK
Here we have derived a semi-analytical formula for the energy of a prismatic dislocation loop inside an elastically isotropic cylinder. The result is expressed in terms of a one-dimensional integral that can be easily evaluated by numerical quadrature. We have also found simple analytic expressions for the two important limits: when the dislocation loop radius approaches the cylinder radius and when loop radius is much smaller than the cylinder radius. These results can be used to predict the critical condition for the nucleation of misfit dislocations in cylindrical core-shell hetero-epitaxial structures. The derivation here can be slightly modified to give the energy of a periodic array of dislocation loops in which the integral would be replaced by a series. This procedure can also be generalized to derive the energy of glide dislocation loops whose glide plane normal tilts away from the cylinder axis.
APPENDIX A. STRESS FIELD OF PRISMATIC DISLOCATION LOOP IN FOURIER SPACE
Here we drive the stress field of a prismatic dislocation loop in an infinite medium using the Fourier method. To do this, we first consider a dislocation loop with a radius r 3 1 shown in Figure 2 . This dislocation loop is equivalent to a displacement jump across the cylindrical surface r 3 1 that is a step function in z,
where h4z5 is the Heaviside function, i.e. h4z5 3 0 for z 6 0 and h4z5 3 1 for z 0. Here the superscript R is omitted on 4 u z 6 because the displacement jump is evaluated at radius r 3 1, instead of at radius R. The Fourier transform of 4 u z 6 4z5 is
The 3 4k z 5 can be ignored because it corresponds to a uniform sliding between the inside and the outside of the cylindrical surface and does not generate any stress field. According to [12] , the traction force across the cylindrical interface at r 3 1 can be easily obtained in Fourier space:
If we take the inverse Fourier transform of the above three functions, we will obtain three stress components, rr , r and rz on the cylinder r 3 1, as functions of z. Our next step is to obtain the same three stress components at a larger cylindrical surface at radius R. To do so, we need to know how the stress field decays outside the cylinder of r 3 1. According to [12] , a general (Fourier mode) solution for the displacement field in an infinite medium is
where and are scalar and vector potentials [13] that can be expressed as A, B, C are three coefficients for this Fourier mode that can be used to satisfy three boundary conditions. H 45 n 465, 3 17 2 are Hankel functions of the first and second kind with 3 1 for k z 0 and 3 2 for k z 6 0. Since this solution decays to zero as r 2, it is suitable to describe the displacement field outside a cylindrical region of an infinite medium. Due to the axial symmetry of our problem, we are only interested in the case of n 3 0.
Given the above expressions for the displacement field, we can obtain the relationship between three stress components (or traction forces) at cylinder surface r 3 1 and the coefficients A, B, C. This relationship can be summarized by a matrix M :
Similarly, we can obtain the relationship between the same stress components at the cylindrical surface with radius R and the coefficients A, B, C:
Therefore, the traction forces at the radius R can be written in terms of those at the radius r 3 1 as
The analytic expression for matrix M is given in [12] . The expression for the matrix M R can be obtained from that of the matrix M by substituting k z k z R, and multiplying by 1R 2 whose result is Equation (15) . It can be easily verified that in the limit of R 1, Equation (15) reduces to Equation (A.3).
APPENDIX B. THE DETAILS OF THE IMAGE ENERGY DERIVATION
In [12] , it was shown that, for every Fourier mode, the relationship between the displacement jump and the traction force across the cylindrical surface (r 3 1) can be written in the matrix form
The analytic expressions for matrices M, N, M , N are given in [12] . A similar relationship exists at a different cylindrical surface with radius R:
2)
The expression for matrix M R and N R can be obtained from that of matrix M and N , respectively, by substituting k z k z R and multiplying the result by 1R 2 . Given the expression for 8 T R , shown in Equation (15) To study the behavior of E img 4r 3 17 R5 in the limit of R 2, it is more convenient to define a new integration variable x 3 R k z , in place of k z . After this variable transformation, the integrand should be written in terms of x and R. The integrand can be further simplified in the limit of R 2. To do so, we first examine the dependence of various terms in the integrand on R for a fixed x. Obviously, 
